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Abstract

This proposal introduces the Master’s thesis on gravity waves (GWs) above propagating
tropopause depressions by describing its motivation and the planned methods to approach
the topic. The excitation of GWs above tropopause depressions is a proposed non-orographic
GW source that could explain important GW observations in the southern hemisphere winter
stratosphere above the Southern Ocean. After clarifying the relevance and potential of the
mechanism, planned idealized simulations with the EULAG model are explained. To avoid
over-complicated simulations with complex results, possible simplifications for first simulations
have been identified. It is the goal of this thesis to provide first answers on the relevance of the
mechanism and a good baseline for final complex simulations.

1. Introduction

The essential role of atmospheric gravity waves
(GWs) within the Earth’s climate and its im-
pact on atmospheric circulations is well-known
for years (Fritts, 2003). They affect the dy-
namics and physics of the atmosphere on a
wide range from turbulent to planetary scales
(Plougonven et al., 2020 and Williams et al.,
2017). The proposed Master’s thesis is based
on a recent paper by Dörnbrack et al. (2021)
who suggest the excitation of GWs above prop-
agating tropopause depressions (TDs). This
mechanism could play an important role in the
southern hemisphere and explain observations
of GWs in the stratosphere in a region around
60°S above the Southern Ocean, where other
sources like topography are unlikely (Hindley
et al., 2020).
Considering the extensive background that

comes along with this thesis its motivation and
goal is split into five subsections. Subsequently
follows a description of the planned methods
(section 3) and tools (section 4) to approach
the topic. A timetable concludes the proposal.

2. Motivation and Goal

2.1. Atmospheric GWs and their repre-
sentation in general circulation models
The atmosphere above the boundary layer
is almost constantly characterized by a pos-
itive static stability. In this stably stratified
part of the atmosphere vertically displaced air
parcels experience a restoring force predomi-
nately caused by buoyancy which enables the
excitation and propagation of internal GWs.
These oscillations in the atmosphere are observ-
able through perturbations in the atmosphere’s
wind, temperature, density and pressure fields
and they appear at a wide range of horizontal
wavelengths from ≈1 km, where the waves are
non-hydrostatic, to ≈10 km, where they are ap-
proximately hydrostatic, through to ≈100 km,
where rotation of the Earth becomes important
(inertia-gravity waves), up to ≈1000 km, where
the variation of the Coriolis parameter with
latitude must be taken into account (Rossby-
gravity waves) (Teixeira, 2014 and Gill, 1982).

Excited primarily by orography in the tropo-
sphere, GWs can propagate horizontally and
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vertically. When propagating upwards, GWs
grow in amplitude due to a decreasing density
with height and ultimately break as they reach
a critical region in the atmosphere, dissipate
energy and affect the general circulation by de-
positing momentum. This can happen far away
from the wave’s source region (Teixeira, 2014
and Eliassen and Palm, 1960). However, crit-
ical regions or layers in the atmosphere vary
for different vertical wavelengths and define
themselves through the fluid’s stratification
and background wind (Teixeira, 2014). Fur-
thermore, their effect on the propagation of
GWs can be a lot more diverse and also lead to
(partial) wave reflection and, so-called, wave
trapping (Fritts et al., 2018 and Scorer, 1949),
resulting in a vast and manifold forcing on the
atmosphere’s general circulation (Alexander
et al., 2010).
State-of-the-art general circulation models
(GCMs) are not yet capable of resolving this
full range of effects how GWs impact the atmo-
spheric flow. This is not expected to change
within the near future as physical limits in
hardware development also start to constrain
further advances in computational climate sci-
ence (Balaji, 2021 and Balaji, 2015). Thus, rep-
resenting horizontal or vertical wavelengths of
just a few kilometers is one challenge, but cov-
ering the nonlinear processes related to wave
breaking at scales much smaller than the wave-
length is another. Furthermore, the sources of
GWs include processes that are poorly resolved
by GCMs themselves like fine-scale topography,
convective heating, localized shear zones or
frontal structures (Medvedev and Yiğit, 2019,
Fritts, 2003 and Plougonven and Zhang, 2014).

As a result, parameterizations have to ac-
count for the significant portion of subgrid-
scale processes. Since the main feature of
GWs is the transport of horizontal momen-
tum upward into the middle and upper atmo-
sphere, most GW parameterisations are based
on two assumptions. Firstly, GWs are excited
within the troposphere and, secondly, they
only propagate vertically (Plougonven et al.,
2020 and Alexander et al., 2010). Physically
based parameterisations of waves from non-
orographic sources exist (e.g. Scinocca, 2003),
but lack observational constraints (Plougonven
and Zhang, 2014) and are restricted to the tro-

posphere. Sources in the upper atmosphere like
secondary generation or the proposed mecha-
nism of Dörnbrack et al. (2021) are not repre-
sented (Plougonven et al., 2020 and Kim et al.,
2003).

The simplified columnar propagation of GWs
has its advantage within the constraints of par-
allel computing, but multiple studies already
showed that waves can propagate horizontally
due to the refraction of jet streams and/or
advection of the mean wind, too (Dunkerton,
1984, Preusse et al., 2002, Sato et al., 2009,
Sato et al., 2012 and Ehard et al., 2017).
It follows that continued improvements of

GW parameterisations are of great interest as
long as resolution limits the dynamics of global
numerical models. Recent approaches incor-
porating deep learning with neural networks
(Matsuoka et al., 2020) principally allow for
horizontal propagation of sub-grid scale waves
at a reasonable computational cost. First re-
sults are promising, but it is still difficult to
predict, if this recent trend marks the next
generation of parameterisations ("Soft AI" ap-
proach) or even replaces larger parts within
weather and climate predictions as discussed
by Chantry et al. (2021) who refer to it as
"Medium AI" and "Hard AI" approaches.

Either way, it does not mitigate the impor-
tance of expanding our knowledge on the un-
derlying processes by which GWs affect the
atmosphere and this is the goal of the proposed
thesis. An improved understanding of ongoing
mechanisms could advance parameterizations
and maybe contribute to the explanation of
GW observations whose origins are not fully
understood today. Probably the most signifi-
cant of these observations is the one of interest
for the proposed thesis, too. It is discussed in
detail in the next section.

2.2. The gravity wave belt around 60°S
and the cold pole problem
The increasing number of GW observations
from satellites (Hindley et al., 2019, 2020),
ground-based lidar systems (N. Kaifler et al.,
2020 and B. Kaifler and Kaifler, 2021), air-
craft (Rapp et al., 2021 and Fritts et al., 2016)
and balloons (Plougonven et al., 2013) help
to constrain GW parameterisations, but also
reveal their deficiencies and point out gaps in
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Figure 1: Stereographic maps of average wintertime zonal (a, b) and meridional (c, d) GWMF near 40
km altitude derived from AIRS/Aqua 3-D satellite observations for the period 2002–2019. Winter is
defined as December–February (June–August) for the Northern (Southern) Hemisphere. GWMF values
that are close to zero have been made transparent to reveal the surface features below, and landmarks
that lie beneath regions of increased GWMF have been labeled. Inset in the top right of each panel is a
stereographic map of the same data but centered on the north and south poles. These inset panels share
a color scale with the corresponding 3-D contours. Panels (e)–(h) show average wintertime zonal and
meridional winds at 3 hPa for the period 2002–2019 from ERA5 reanalysis. Taken from Hindley et al.,
2020.

our current theoretical knowledge on GWs. A
phenomenon that was already visible in ob-
servations by Wu and Waters (1996), but still
lacks a conclusive explanation, is a GW belt
around 60 ◦S during the austral winter. It is vi-
sualized in parts b and d of Fig. 1 from Hindley
et al. (2020) who provide an extensive overview
on seasonally averaged multi-year gravity wave
momentum flux (GWMF) derived from satel-
lite observations.

Orography undoubtedly leads to the GW
hot spot between 55◦W and 80◦W above the
southern Andes and the Antarctic Peninsula,
but it only contributes about 25% to the total
GWMF within the latitude band from 35◦S to

68◦S as stated by Hindley et al. (2020). Fol-
lowing Sato et al. (2012) and accounting for a
far downstream propagation of GWs excited by
the Andes, the observable GWMF in the East
of the defined longitude region could be allo-
cated to this predominantly local source, too.
However, this does not heavily affect the argu-
ment of Hindley et al. (2020) that about 75% of
zonal and meridional GWMF are observed at
remaining longitudes over the Southern Ocean
mostly peaking around 60◦S (Hindley et al.,
2020).

It has been shown that small, mountain-
ous islands contribute to this oceanic GWMF
(Garfinkel and Oman, 2018; McLandress et
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al., 2012, Alexander et al., 2009), but again
they only result in local peaks as indicated
in Fig. 1b. So non-orographic origins of
GWs are most likely the reason for the wide-
spread, belt-like structure of the GWMF (Hen-
dricks et al., 2014). Jet streams and fronts
most likely contribute to the observed mo-
mentum flux (Plougonven and Zhang, 2014
and Hendricks et al., 2014) and have also
been investigated on the basis of idealized
simulations (O’Sullivan and Dunkerton, 1995).
Polichtchouk et al. (2018) analysed the sensi-
tivity of high-resolution atmospheric models
to non-orographic GW parameterisations and
concluded a significant dependence in the same
manner as Choi and Chun (2013) showed that
convective gravity wave drag parameterisations
(a specific non-orographic source) can have a
significant influence on global climate models.
In addition, Jewtoukoff et al. (2015) were able
to assign wave signatures in their balloon ob-
servations to non-orographic sources, but so far
none of the discussed mechanisms provides a
comprehensive explanation of the wide spread
observation of GWs over the Southern Ocean
in the austral winter and it is still possible that
some important mechanisms have not yet been
considered.

The gravity wave belt around 60◦S gained
crucial relevance since McLandress et al. (2012)
suggested its connection to the longstanding
cold pole problem found in nearly all modern
GCMs and chemistry climate models (CCMs).
During the southern hemisphere winter months
a polar vortex or polar night jet (PNJ) develops
around 60◦S high up in the stratosphere charac-
terized by strong zonal westerly winds. GCMs
and CCMs overestimate this PNJ, which also
entails lower stratospheric temperatures over
the pole compared to observations (Butchart
et al., 2011, Geller et al., 2013 and Eyring et
al., 2010). As a result, the polar vortex breaks
down too late in the spring with significant con-
sequences on, for example, the simulated ozone
trends in the Antarctic middle stratosphere
(Stolarski et al., 2006). The Antarctic ozone
hole persists too long into the late spring and
since Antarctic ozone depletion is the primary
driver of recent southern hemisphere summer-
time climate change (e.g. Arblaster and Meehl,
2006), a delay in the vortex breakdown im-

pacts the timing of the simulated tropospheric
response.
McLandress et al. (2012) showed through

their simulations that missing gravity wave
drag from parameterisations can explain this
substantial zonal wind bias around 60°S and
the directly related "cold pole". A deeper un-
derstanding of the key processes that lead to
the observed gravity wave belt during the aus-
tral winter could significantly improve GW
parameterisations and ultimately improve long-
term climate predictions through more realistic
and robust GCMs.

2.3. The excitation of GWs above
tropopause depressions
As outlined in the previous section, non-
orographic GW sources have already been in-
vestigated from various perspectives, but are
not yet able to fully explain the consistent,
wide-spread appearance of GWs around 60◦S.
Based on observations and the analysis of high-
resolution ERA5 data, Dörnbrack et al. (2021)
are currently proposing a new mechanism that
has the potential to fill this gap. They sug-
gest the excitation of GWs above tropopause
depressions (TDs) in the stratosphere just like
they would appear above surface obstacles in
the troposphere.

Though various definitions of the tropopause
exist, all rely on abrupt changes in physi-
cal or chemical properties when transitioning
from a weakly stratified troposphere (N2 ≈
1·10−4s−2) to a comparatively strongly strat-
ified stratosphere (N2 ≈ 4·10−4s−2; Birner,
2006). Common definitions are based on the
thermal stratification (negative temperature
lapse rate in the troposphere, positive lapse
rate in the stratosphere; WMO, 1957), refer to
the dynamical tropopause using Ertel’s poten-
tial vorticity (WMO, 1986) or rely on chemical
tracers like ozone. Despite fundamental differ-
ences in those approaches, each supports the
simplification of treating the tropopause as an
impermeable boundary, which is definitely not
true, but a good approximation for idealized
investigations.
In the vicinity of jet streams or upper level

frontal zones and associated with baroclinic
processes the extratropical tropopause now
experiences deflections or even undergoes a
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folding process as visualized in Fig. 2. Dry
stratospheric air penetrates down into the tro-
posphere and folds underneath the warm air to-
wards the equator (here northward for southern
hemisphere) for deep depressions. The shape
of the TD and especially the vertical extend
of the prominent tongue of stratospheric air
can vary significantly depending on the large
scale flow conditions and strength of the upper
level frontal system. This has already been dis-
cussed extensively from an observational (e.g.
Shapiro, 1978 and Keyser and Shapiro, 1986)
and model (Škerlak et al., 2015) perspective.
Fortunately, the excitation of GWs above such
a depression might not be very sensitive to the
fold’s shape far below the tropopause. Isen-
tropes, that are deflected downwards, but rise
again on the other side of the depression (e.g.
360-390 K in Fig. 2a) are much more interest-
ing for the proposed mechanism considering
its similarity to flow over orography. Addi-
tionally, the zonal shape of the depression is
more relevant for the GW forcing. This along-
stream cross section (orthogonal on 2a) was
rarely discussed in relevant publications, since
the main folding process happens in the cross-
stream direction. Based on the ERA5 case
study conducted by Dörnbrack et al. (2021)
(Fig. 3), the zonal width at half maximum of
the propagating TD can be estimated between
4◦ and 8◦ in zonal direction, which transfers
to a= 240−480 km (1◦ ≈ 63 km at 55◦S).
Following estimates based on idealized sce-

narios (constant background wind U and
Brunt–Väisälä frequency N) such ’mountain
widths’ are expected to excite waves within
the hydrostatic regime. Towards the wider end
of a the advection time for an air parcel to
pass over the mountain τa = a

U is even com-
parable in magnitude to the period of inertial
oscillation due to Earth’s rotation (τf = 2π

f )
with the Coriolis parameter f ≈ 10−4s−1 for
mid-latitudes. So the Rossby number

Ro= U

fa
≈
τf
τa
≈ 2π (1)

is close to O(1) and Coriolis forces can no
longer be neglected. Together with the buoy-
ancy forces they act together as restoring forces
resulting in both horizontal and vertical oscil-
lations, which are called hydrostatic inertia-
gravity waves (e.g. Gill, 1982 and Lin, 2007).

A major difference of potential GWs above
TDs to classic mountain waves is the transient
nature of their source. Pfister et al. (1993)
already investigated the propagation of waves
in the stratosphere due to a transient forcing
by exposing the background flow to a time-
varying obstacle, but only lifted and receded
the bottom of the stratosphere. A tropopause
fold travels eastward with the phase speed of
the Rossby wave, so the relative motion of
the stratospheric air aloft with respect to the
propagation of the fold is responsible for the
excitation of the GWs. The increasing wind
speed with height due to the PNJ, which is
already important for the propagation of the
waves, is, therefore, important for their excita-
tion, too.

2.4. The propagation of GWs above
tropopause depressions
Considering the hydrostatic nature of GWs ex-
cited by TDs, the strongest wave signal should
more or less appear directly above a propagat-
ing depression. In fact, Dörnbrack et al. (2021)
observed exactly this feature in ERA5 data
(Fig. 3), when analysing lidar measurements
from DEEPWAVE research flight 25. Clear
wave signals are observed directly above the
tropopause fold for multiple points in time.
This inspires confidence in the proposed mech-
anism and suggests that GWs can be observed
along the whole path of the baroclinic system
responsible for the depression. Now, the last
piece to the puzzle for explaining the wave belt
above the Southern Ocean during the austral
winter in Fig. 1b and 1d is the meridional
propagation of GWs in the stratosphere. This
is important, because especially in the south-
ern hemisphere pronounced frontal systems are
not deviating significantly from a latitude band
around 50◦S (Škerlak et al., 2015) though GWs
are observed frequently further south.

Two mechanisms are at hand concerning this
meridional propagation. At first, the orienta-
tion of the TDs is rarely exactly North-South
resulting in an inclined wave vector with re-
spect to the predominantly westerly flow in the
upper stratosphere. The wave vector defines
the propagation direction, so this mechanism
is always present and relevant as soon as tilted
obstacles are in place as discussed by Preusse
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Figure 2: Example of a deep tropopause fold near the subtropical jet west of Australia at 18 UTC on
13 July 2011. The vertical cross section shown in Figure 2a is aligned along 81◦E from 37S◦ to 22◦S
(green line segment in Figure 2b). Displayed are (a) the squared Brunt-Vaisala frequency (N2, colored),
potential vorticity (-1 to -4 PVU, thick solid lines, -2 PVU in green, rest in black), the WMO first and
second tropopauses (green and blue solid circles, respectively), horizontal wind speed (in 1 ms−1, dashed
contours), and isentropes (in K, thin contours) and (b) PV on 320 K (colored, in PVU), contours of
PV on 310 K at -1 PVU and -2 PVU (dashed and solid blue, respectively), and horizontal wind speed
on 345K (reference vector in the top right, in 1 ms−1). The West Coast of Australia is visible as grey
contour. Taken from Škerlak et al., 2015.

et al. (2002) for GWs excited by the Andes at
similar latitudes. The second process is based
on ray-tracing theory and was first discussed
and applied by Dunkerton (1984). It describes
the modification of the meridional (horizontal)
wavenumber by the background wind field with

dl

dt
=−(k∂U

∂y
+ l

∂V

∂y
+ βf

ω̂
)≈−k∂U

∂y
. (2)

In a simplified scenario the time rate of change
of the meridional wavenumber l along the ray is
proportional to the meridional gradient of the
background wind U and the zonal wavenum-
ber k. In other words, horizontal wind shear
develops a meridional component of the wave
vector even in the case of a purely zonal ini-
tial propagation. In general, this phenomenon
leads to a refraction of internal GWs into the
southern hemispheric PNJ at 60◦S, which has
already been described by a number of publi-
cations (e.g. Dunkerton, 1984, Preusse et al.,
2002, Sato et al., 2009, Sato et al., 2012, Ehard
et al., 2017 and Jiang et al., 2019). Jiang et al.
(2019) further add, that waves are elongated to-

wards the stronger background wind (towards
the center of the PNJ) and shortened on the
opposite side with weaker winds.

2.5. Research goals
In the end, both described mechanisms play an
important role for the meridional propagation
of GWs. Together with the regular appear-
ance of Rossby wave trains (baroclinic systems
involving TDs) at middle latitudes in the south-
ern hemisphere, these processes could provide
a conclusive explanation for the widespread
and patchy stratospheric GW activity all the
way around the Southern Ocean shown in Fig.
1b and 1d. It is the goal of the proposed
thesis to further investigate the relevant pro-
cesses related to GWs above tropopause depres-
sions through idealized simulations and even-
tually provide first answers on its relevance for
explaining the discussed GW belt above the
Southern Ocean. More specifically, the Mas-
ter’s thesis shall answer the following research
questions:
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Figure 3: Temperature perturbations (K, red and blue contour lines) and potential temperature (K, black
lines in logarithmic scaling) along 55◦S on 17 July 2014 15 UTC (a) and 18 July 2014 09 UTC (b). The
bottom panels depict the height of the dynamical tropopause (thick black lines, meridional average from
52.5◦S to 57.5◦S) and the horizontal wind (ms−1, thin black lines) at the same instances. Data: One
hourly ERA5 data. Taken from Dörnbrack et al. (2021).

1. How sensitive is the excitation and prop-
agation of GWs above TDs to the shape
of the depression (depth, width, asymme-
try)?

2. Which wave regimes are present above
propagating TDs and what wavelengths
and amplitudes do we expect?

3. What is the contribution of a tilted TD
(leading to an inclined wave vector) to a
meridional propagation of GWs?

4. What is the contribution of horizontal
wind shear in the stratosphere to a merid-
ional propagation of GWs?

3. Methods

The goal of this thesis is an improved under-
standing of the processes that lead to observed
gravity waves above TDs. A complete three
dimensional simulation of the troposphere and
stratosphere including all relevant features,

more precisely a Rossby wave train and jet
stream at the tropopause and a PNJ higher
up in the stratosphere to the south, requires
challenging initial conditions to obtain suited
fields of wind, temperature and pressure (com-
pare section 3.4). Though such a simulation
has to be the final step to prove or debunk the
described mechanisms, preliminary investiga-
tions of simplified simulations likely provide
first insights and might significantly help to
setup and interpret more complex runs. There-
fore, the proposed thesis comprises a selection
of simulations with reduced complexity to ad-
dress parts of the problem step by step.
The fundamental simplification for all pre-

liminary simulations is the focus on dynam-
ics in the stratosphere by introducing the
tropopause as the lower boundary of the simu-
lation’s domain. It is clear that the tropopause
is not an impermeable surface, but observa-
tions from radiosondes (Birner et al., 2002 and
Birner, 2006) and GPS data (Randel et al.,
2007) revealed a significantly higher thermal

7



GWs above Propagating TDs - Idealized Numerical Simulations • University of Innsbruck

stability of the extratropical tropopause in-
version layer compared to model and reanal-
ysis data. This higher stratification further
inhibits troposphere-stratosphere exchange at
the tropopause and justifies the approach of
using the tropopause as the lower boundary for
first simulations. The planned simulations and
corresponding simplifications are described in
the following subsections and summarized in
table 1.

3.1. Model setup and verification
Simulations 2D001-2D004 of table 1 ensure
that the model is setup correctly and provides
physically reasonable outputs. In that sense, it
is the goal to reproduce some fundamental ana-
lytic results based on linear theory with nonlin-
ear EULAG simulations. Queney (1948) was
the first to summarize different flow regimes
over mountains based on the method of small
adiabatic perturbations. His results can be
compared to simulations from a visual perspec-
tive by looking at the perturbations and fluxes
in the atmosphere and from a mathematical
one by comparing the wave drag

F =
∫
p

′ ∂h

∂x
dx (3)

to its analytic solution in a linear frame-
work (Gill, 1982). Assuming an impermeable
tropopause at the lower boundary of the simu-
lations results in a TD that acts like a flipped
mountain (valley) on the stratosphere, so a
comparison of our model to Queney’s solu-
tions for different mountain wave regimes (non-
hydrostatic, hydrostatic, inertia-gravity) pro-
vides a reasonable baseline and validation of
the model for the planned simulations.
Depending on the application or numeri-

cal problem at hand, the function, that de-
scribes the surface boundary (mountain shape)
can have useful or disturbing properties. The
Witch of Agnesi

hAgnesi(x) = h0
(xa )2 + 1 (4)

used by Queney (1948) is a convenient equa-
tion of the terrain height for analytical anal-
ysis, but it is non-zero for the whole domain
of discrete simulations. In the case of a tran-
sient lower boundary this effect leads to incon-

sistent boundary conditions at the horizontal
borders, making this a less appropriate shape
for a propagating TD. A suitable alternative is
a 1+cos(πφ) function. It drops to 0 for |φ|= 1.
With

hcos(φ) = h0
16 (1 + cos(πφ))4 (5)

and φ= x
4a Epifanio and Durran (2001) used a

variation of this function, which is more com-
parable to the Witch of Agnesi (4). Setting
hcos(φ) = 0 for all grid points |x|> 4a results
in a continuous and differential lower boundary
that does not interfere with horizontal bound-
ary conditions as long as the mountain or de-
pression is not too close to the edges. Further-
more, all contributions to the surface pressure
drag are confined to a small neighbourhood
around the mountain peak. Metz and Dur-
ran (2021) state that the wave drag is a factor
1.3 higher compared to the Witch of Agnesi,
but further comparisons of the terrain func-
tions and their impact on the overlying flow
are carried out (simulation 2D002).

In simulations 2D003 it is the goal to observe
the propagation of waves for a rising and for
a moving lower boundary in an atmosphere at
rest. With no background wind and a constant
static stability the simulation is expected to
mimic the perturbations in a water tank, when
for example pulling an obstacle at the bottom
through the quiescent fluid. Furthermore, in
this way the linearized governing equations
simplify even further and it might be possible
to identify patterns in the waves’ group (cg)
and phase velocities, which are characteristic
for the scenario without a background flow.
For example the parallel orientation of cg to
the wave’s phase lines and the corresponding
direction of the energy propagation (Lin, 2007).
For a last physical validation it is appropri-

ate to start two-dimensional simulations of a
transient TD by reproducing the simulations
of a zonally oscillating TD conducted by Prusa
and Smolarkiewicz (2003) (simulation 2D004
in table 1). They showed that inertia-gravity
waves are constantly observable above a TD
(h0=500 m, a=200 km) for a constant strato-
spheric background wind of 10 ms−1, a con-
stant buoyancy frequency N of 0.02 s−1 and an
isothermal stratosphere. However, the waves
above the TD are expected to change continu-
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Table 1: EULAG simulation runs

Simulation Description

2D

001: Fundamental flow regimes over orography
- Non-hydrostatic wave regime
- Hydrostatic wave regime
- Inertia-gravity wave regime

002: Mtn / TD shape comparison
- Witch of Agnesi
- (1 + cos(φ)) shape
- (1 + cos(φ))4 shape

003: Transient lower boundary test
- Mtn rises or moves in x-direction
- No background wind
- Test smooth start up / end of motion

004: Transient TD like Prusa et al. (2003)
- Oscillating TD in zonal direction
- Constant stratospheric background wind
- Constant stratospheric stability

005: Propagating TD with vertical shear

- PNJ at ≈ 40km
- TD moves with phase velocity of Rossby wave
- Design idealized wind profile
- Use wind profile from ECMWF
- Sensitivity analysis wrt. shape of depression
(h0, a and asymmetry)

006: Propagating TD with meridional wind - Run 2D005 with Coriolis force

3D

007: Propagating TD with vertical shear

- Run 2D005/006 in 3D
- TD oriented N-S
- Compare elongated and local depression
(elliptic shape)

008: Tilted TD with vertical shear - Run 3D007 with tilted TD (oriented NW-SE)

009: Barocl. (or barotropic) PNJ above TD

- Include horizontal shear
- 2D Gaussian distribution (for barocl. jet)
- θenv from thermal wind relation (for barocl. jet)
- PNJ directly above tropopause depression

010: Barocl. (or barotropic) PNJ shifted south - Simulation 3D009 with PNJ shifted south

011: Full simulation including troposphere - Initialisation based on Bush et al. (1994)
- Extension of barocl. instability with PNJ
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ously, because the relative speed of the depres-
sion with respect to the constant background
wind changes, too. In particular, the varying
tilt of the phase lines should be observable.

3.2. 2D simulations of a propagating
tropopause depression
The next step in the two-dimensional space
is the introduction of a realistic stratospheric
wind profile (simulation 2D005 in table 1). Two
approaches are possible. The first one incor-
porates the design of idealized profiles with
increasing complexity. At first, a PNJ could
be represented by a Gaussian distribution peak-
ing at a level between 40-50 km. In a next step,
it could be of interest to add a second jet at the
tropopause level resulting in a negative wind
shear in the lower stratosphere before the wind
increases again higher up. For this purpose,
a higher order function approximation might
be more suited than a superposition of two
Gaussian distributions to avoid sharp changes
in the vertical shear. Environmental profiles
of θ, T or p still refer to a constant stability
and an isothermal atmosphere. The second
approach relies on realistic ECMWF wind pro-
files, which are already available from the obser-
vational analysis of RF25 of the DEEPWAVE
campaign (Dörnbrack et al., 2021). These pro-
files represent meridional means of a relevant
5◦ wide latitude band and naturally include
complex shear scenarios due to the PNJ and
the tropopause jet stream.

For these simulations (2D005) it is planned
to reduce the movement of the TD to a con-
stant propagation from left to right through
the simulation domain. In this way, the effect
of vertical wind profiles on the excitation and
propagation of waves above a transient TD
is not disturbed by an unrealistic movement
of the depression. At the upper and lateral
boundaries, the vertical and horizontal radi-
ation of wave energy is treated by relaxation
terms as further described in section 4. The
parameters of these damping layers are tuned
to reduce boundary effects like wave reflection
to a minimum.
At this point, it is also planned to conduct

a sensitivity analysis with respect to the de-
pression’s shape. Effects of its depth, width
and possibly asymmetry shall be investigated.

The settings used by Prusa and Smolarkiewicz
(2003) serve as a good starting point, but ob-
servations (Bush and Peltier, 1994 and Keyser
and Shapiro, 1986) and reanalysis data (Dörn-
brack et al., 2021 and Škerlak et al., 2015)
suggest quite a range of realistic parameters.
This sensitivity analysis can provide first hints
on expected wave regimes and help to identify
optimal settings for further simulations.

Simulation 2D006 is closely related to 2D005
with the difference of activating the Coriolis
force and allowing meridional winds. All other
settings will be left unchanged with respect
to a reference simulation of 2D005 to directly
observe differences in the wave excitation and
propagation.

3.3. 3D simulations of a propagating
TD
The first three-dimensional simulations are ex-
tending simulations 2D005 and 2D006 into the
meridional dimension with a focus on the shape
of the TD. As described in section 2.4, two
mechanisms are able to describe the meridional
propagation of GWs into the PNJ at 60◦S. A
non-parallel wave vector with respect to the
background zonal wind and horizontal wind
shear. Neglecting horizontal wind shear for
simulations 3D007 and 3D008 allows the iso-
lated investigation of a meridional propagation
due to the orientation of the wave vector. In
that manner, it is the goal to compare differ-
ences in wave propagation between an elon-
gated N-S oriented depression, a N-S oriented,
local depression (elliptic shape) and a tilted
(NW-SE), local depression (simulation 3D008).
The background wind for simulations 3D007
and 3D008 will be the same as in 2D005 and
constant in meridional direction. Meridional
winds only appear based on the Coriolis force,
the environmental V component is zero.
Simulations 3D009 and 3D010 are address-

ing the second mechanism for horizontal wave
propagation, the horizontal wind shear. In
addition to the vertical wind shear, it is now
the goal to design a baroclinic jet system with
vertical and horizontal shear. Thus, the envi-
ronmental U component varies in horizontal
and vertical direction, while the background
meridional wind V is still zero. Most likely,
a reasonable wind field can be obtained by a
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two-dimensional Gaussian distribution. Simu-
lation 3D009 is then planned to have the PNJ
directly above the tropopause depression to
provide a reference simulation for simulation
3D010 that finally has a baroclinic PNJ south
of the tropopause depression.

When introducing a baroclinic jet with hori-
zontal and vertical wind shear as a background
(environmental) wind field, its influence on the
environmental state of the atmosphere has to
be considered. The potential temperature dis-
tribution now has to balance the gradients in
the wind field on the basis of the thermal wind
relation

∂U

∂z
=− g

θ0f

∂θ

∂y
(6)

with g and f being the gravitational accelera-
tion and Coriolis parameter and θ0 a constant
basic state reference temperature. In the case
of an isothermal stratosphere the pressure and
density fields are fully defined, but further op-
tions might be investigated.
An additional simplification for 3D009 and

3D010 could be a barotropic jet with horizontal
shear only instead of a baroclinic PNJ. Vertical
wind shear would be zero, but the PNJ can
still be positioned above the TD (3D009) and
further to the south (3D010) to observe differ-
ences in the wave propagation with respect to
the horizontal gradient in the wind.

3.4. Full simulation including tropo-
sphere

Though this final simulation (3D011) of the
troposphere and stratosphere is most likely
not covered within the proposed thesis, it is
still mentioned at this point for the sake of
completeness. It comprises the simulation of
a baroclinic instability at the tropopause, as
already carried out by Bush and Peltier (1994),
with the crucial difference of a PNJ in the up-
per stratosphere to the south. Though Bush
and Peltier (1994) cover all relevant equations
to define a balanced field that allows the ini-
tialisation of a baroclinic jet simulation, it is
far from trivial to additionally consider a PNJ.

4. The EULAG numerical
solver

The nonlinear numerical simulations are con-
ducted with the EUlerian/semi- LAGrangian
fluid solver (EULAG). The model is set up solv-
ing the soundproof anelastic set of equations
(Lipps and Hemler, 1982) consisting of the
three components of the momentum equation
(7), the thermodynamic equation (8) for the
potential temperature perturbation θ’=θ−θe
and the mass continuity equation (9):

d~v

dt
=−G~∇(p

′

ρ̄
) +~g θ

′

θ̄
−2~Ω× (~v− ~ve)

−α̃(~v− ~ve)≡Rv,
(7)

dθ′

dt
=−~v · ~∇θe− β̃(θ−θe)≡Rθ, (8)

~∇· (ρ̄~v) = 0. (9)

Here, d
dt , ~∇ and ~∇· represent the total deriva-

tive, the gradient and the divergence respec-
tively. p′ is the pressure perturbation with
respect to the environmental state, g the gravi-
tational acceleration and ~Ω the angular velocity
of the Earth. The matrix G represents geo-
metric terms, which result from the general,
time-dependent coordinate transformation and
the symbol RΨ stands for the right-hand side
of the corresponding equations for the variables
Ψ = (u,v,w,θ′).

θ̄(z) = θ0 exp(−N
2

g
z) (10)

and the anelastic density

ρ̄(z) = ρ0 exp(− z

Hρ
) (11)

refer to the hydrostatic reference state around
a constant stability profile as introduced by
Bacmeister and Schoeberl (1989) with stability
N2

g , a density scale height Hρ that corresponds
to a deep atmosphere and ρ0, θ0 set to appro-
priate reference constants. With (10) and (11)
being the basic state of equations (7-9), a more
general environmental state, which reflects the
initial and boundary conditions, enters the
equations via the variables with subscript e.
In that sense, α(~v− ~ve) and β(θ−θe) represent
relaxation terms, which enable the radiation
of wave energy across the model boundaries
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and force the solutions at the model bound-
aries to the prescribed environmental profiles.
These ambient states like ue, ρe or θe can be
time-dependent to replicate transient flow con-
ditions, but are stationary within the scope
of this thesis. On the other hand, transient
boundaries like a propagating tropopause fold
almost demand for time-dependent terrain-
following vertical coordinates as introduced
by Wedi and Smolarkiewicz (2003), so this
option may be considered at a later stage. Fur-
thermore, EULAG is noteworthy for its robust
elliptic solver (P. Smolarkiewicz and Margolin,
1993) and generalized coordinate formulation
enabling grid adaptivity technology (Prusa et
al., 2008, Kühnlein et al., 2012).
As the name suggests, EULAG is capable

of solving the equations of motion (7-9) in an
Eulerian (flux form) or in a semi-Lagrangian
(advective form) mode (P. K. Smolarkiewicz
and Margolin, 1997). For the numerical approx-
imation it utilizes a non-oscillatory forward-in-
time (NFT) approach compactly formulated
as

Ψn+1 = LE(Ψ̃,V n+1,Gn,Gn+1)

+1
2∆tRΨ|n+1 (12)

with LE representing the corresponding semi-
Lagrangian/Eulerian transport operator. The
NFT scheme belongs to the class of second-
order-accurate two-time-level algorithms that
are build on nonlinear advection techniques
(Prusa et al., 2008). These schemes have the
property to suppress and control numerical os-
cillations that are often found in higher order
linear schemes. As a result, transporting the
auxiliary field Ψ̃ = Ψn+ 1

2∆tRΨ|n instead of
the specific variable Ψ, results from a thorough
truncation error analysis and ensures second
order accuracy. (P. K. Smolarkiewicz and Mar-
golin, 1997).
Within the scope of this Master’s thesis all

simulations utilize the Eulerian option by ap-
plying the multidimensional positive definite
advection transport algorithm MPDATA (P. K.
Smolarkiewicz and Margolin, 1998 and and
P. K. Smolarkiewicz, 2006).
EULAG has a proven itself as a reliable

tool for simulating thermo-fluid flows across
the wide range from turbulent to global scales
(Prusa and Smolarkiewicz, 2003) and in a va-

riety of of physical scenarios like e.g. turbu-
lence, GW dynamics, flows past complex/mov-
ing boundaries, micrometeorology or cloud mi-
crophysics (Prusa et al., 2008). A comparison
between different well-established numerical
models (including EULAG) and their capa-
bility to model flow over steep terrain, which
is relevant for the investigations within this
thesis, appears in Doyle et al. (2011).

5. Timetable

Figure 4 shall provide a rough overview on
individual work packages of the Master’s thesis
and their allocated time windows. During the
first months I had to familiarise myself with
the EULAG model and implement a useful
baseline for postprocessing and visualizing the
EULAG output with Python. In parallel, it
was important to undergo a comprehensive
literature research, because the thesis tries to
address a problem, which has already been
investigated from various perspectives. The
core of the thesis comprises the simulations
and the writing of the manuscript. The goal is
to finish all the simulations and a first draft of
the thesis by the end of October before I start
working for the avalanche warning service in
November. Corrections and refinements of the
manuscript can be performed throughout the
whole winter semester 21/22.
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